We study the three positivity constraints among the eight structure functions of virtual photon, derived from the Cauchy-Schwarz inequality and hence, which are model independent. The photon structure functions obtained from the simple parton model show quite different behaviors either in a massive quark case or in a massless one, but they satisfy, in both cases, the three positivity constraints. We then discuss an inequality which holds among the unpolarized and polarized photon structure functions F γ 1 , g γ 1 and W τ T T , in the kinematical region Λ 2 ≪ P 2 ≪ Q 2 , where −Q 2 (−P 2 ) is the mass squared of the probe (target) photon, and we test the positivity constraint for the perturbative QCD results on these functions.
Introduction
The investigation of the photon structure is an active field of research both theoretically and experimentally [1] . Structure functions of unpolarized real and virtual photons, F γ 2 and F γ * ef f , have been measured through the two-photon processes in e + e − collisions as well as the resolved photon processes in the ep collider. From these data the unpolarized parton distributions in the photon were extracted in the framework of perturbative QCD (pQCD) [2] . On the other hand, there has been growing interest in the study of polarized photon structure functions [3, 4] . Especially the first moment of the spin-dependent structure function g γ 1 has attracted much attention in connection with its relevance to the QED and QCD axial anomaly. The next-to-leading order (NLO) QCD analysis of g γ 1 was performed [5, 6, 7] and, recently, the second spin-dependent structure function g γ 2 of virtual photon has been studied in conjunction with the twist-3 contribution [8] . For the structure functions, g γ 1 and F γ 1 , of real photon, there exists a positivity bound, |g γ 1 | ≤ F γ 1 . This bound was closely analyzed recently [7] . Now we note that there appear, in total, eight structure functions in the case of virtual photon target [9, 10, 11, 12] , most of which have not been measured yet and, therefore, are unknown. In a situation like this, positivity bounds would play an important role in constraining these unknown structure functions. It is well known in the deep inelastic scattering off nucleon that various bounds have been obtained for the spin-dependent observables and parton distributions in a nucleon by means of positivity conditions [13] . In our previous paper [14] we have derived three positivity bounds which hold model-independently among the eight structure functions of virtual photon. The number of positivity bounds reduces to one in the real photon case, and we have checked that this remaining bound is indeed satisfied by the structure functions obtained in the simple parton model (PM). We also presented a positivity bound for the quark distributions relevant for the spindependent semi-inclusive process in two-photon reaction.
In this paper we examine the three positivity constraints on the structure functions of virtual photon. By evaluating the box (a quark-loop) diagrams, we first obtain the eight virtual photon structure functions in the PM and see if they satisfy or not the positivity constraints. We then discuss an inequality which holds among the structure functions, F γ 1 , g γ 1 and W τ T T , and examine the pQCD results. In the next section we discuss the eight structure functions of virtual photon which were introduced by Budnev et al. [9] to describe the absorptive part of the virtual photon-photon forward scattering. The positivity constraints, which were derived in our previous paper [14] for the eight independent s-channel helicity amplitudes, are rewritten in terms of these structure functions. In Sec. 3 we calculate the eight structure functions of virtual photon in the PM. We find that there exists a clear difference both in x-dependence and in magnitude between massive and massless quark PM predictions. But it turns out, for both cases, that the three positivity constraints are indeed satisfied for all allowed region of x. In Sec. 4 we study an inequality which holds among the unpolarized and polarized photon structure functions, F γ 1 , g γ 1 and W τ T T , in the kinematical region Λ 2 ≪ P 2 ≪ Q 2 , where −Q 2 (−P 2 ) is the mass squared of the probe (target) photon. Since the NLO QCD results for F γ 1 and g γ 1 and the leading order (LO) result for W τ T T are already known, we will examine whether these pQCD results are consistent with this inequality. The last section is devoted to the conclusion.
Photon structure functions and positivity constraints
We consider the virtual photon-photon forward scattering amplitude for γ(q) + γ(p) → γ(q) + γ(p) illustrated in Fig.1 ,
where J is electromagnetic current, q and p are four-momenta of the probe and target photon, respectively. The s-channel helicity amplitudes are related to its absorptive part as follows:
and ǫ µ (a) represents the photon polarization vector with helicity a, and a, a ′ = 0, ±1, and b, b ′ = 0, ±1. Due to the angular momentum conservation, parity conservation and time reversal invariance [15] , we have in total eight independent s-channel helicity amplitudes, which we may take as
The first five amplitudes are helicity-nonflip and the rest are helicity-flip. It is noted that the s-channel helicity-nonflip amplitudes are semi-positive, but not the helicity-flip ones.
In our previous work [14] , we have applied the Cauchy-Schwarz inequality [16, 17] to the above photon helicity amplitudes and have derived a positivity bound:
(2.5)
Writing down explicitly, we obtain the following three positivity constraints:
7)
W (1, 0|0, −1) ≤ W (1, 0|1, 0)W (0, 1|0, 1) .
The phenomenology of photon-photon scatterings is often discussed in terms of the photon structure functions instead of the s-channel helicity amplitudes. Budnev, Chernyak and Ginzburg [BCG] [9] introduced the following eight independent structure functions, in terms of which the absorptive part of virtual photon-photon forward scattering, W µνρτ , is written as,
where P i 's are projectors:
and w = p · q and X = (p · q) 2 − p 2 q 2 . Note that R µν is the metric tensor of the subspace which is orthogonal to q and p, and thus k µ 1 R µν = k µ 2 R µν = 0 . Some useful properties of the projectors are given in Appendix A. The virtual photon structure functions W i are functions of three invariants, i.e., w, q 2 (= −Q 2 ) and p 2 (= −P 2 ), and have no kinematical singularities. The subscript "T" and "S" refer to the transverse and longitudinal photon, respectively, and the superscripts "τ " and "a" imply the relevance to the helicity-flip amplitudes and polarized ones, respectively.
These eight structure functions are related to the s-channel helicity amplitudes as follows [9] :
Since the helicity-nonflip amplitudes are non-negative, the first four structure functions are positive definite and the remaining four are not. Due to the fact the absorptive part W µνρτ (p, q) is symmetric under the simultaneous interchange of {q, µ, ν} ↔ {p, ρ, τ }, all the virtual photon structure functions, except W ST and W T S , are symmetric under interchange of p ↔ q, while W ST (w, q 2 , p 2 ) = W T S (w, p 2 , q 2 ). In terms of these structure functions, the positivity constraints (2.6)-(2.8) are rewritten as
In fact, the following bounds,
were derived, some time ago, from the positiveness of the γγ cross-section for arbitrary photon polarization [18] . Note that the constraints (2.13)-(2.15) which we have obtained are more stringent than the above ones (2.16).
Parton Model Results
For the real photon target, P 2 = 0, the number of independent structure functions or helicity amplitudes reduces to four. They are W TT , W ST , W τ TT , and W a TT , which are often referred to as
and we have only one positivity constraint (2.13). In our previous paper [14] we have examined this constraint in the simple parton model (PM). Up to now most of our attention has been focused on the study of these four functions. In the case of virtual photon target, P 2 = 0, there appear four additional structure functions and we have derived three positivity constraints in total. But since we do not have much knowledge of the new photon structure functions, it is worthwhile, first, to investigate these functions in the simple PM and to examine whether the three positivity constraints (2.13)-(2.15) actually hold. We evaluate the box (massive quark-loop with a quark mass m) diagrams shown in Fig. 2 . Applying the projectors, which were given in Eq.(2.10), to the box diagram contributions, we obtain the PM predictions for the eight virtual photon structure those of F T T , F LT , and F SS given in Ref. [19] . We plot, in Fig.3 (a)-(b), these PM results for the eight photon structure functions as functions of x(= Q 2 /(2p · q)). The vertical axes are in
, with N f , the number of active flavors. We have taken P 2 /Q 2 = 1/30 and m 2 /Q 2 = 1/100. The allowed region of
, we see that the photon stucture functions can be classified into three groups by magnitude; Also we see that the helicity-flip structure functions W τ T T | P M and W τ T S | P M are smaller in magnitude than the helicitynonflip W T T | P M and W T S | P M , respectively. We expect that these characteristics of the PM results will persist in the actual photon structure functions obtained from the future experiments.
The graphs in Fig.3 (a)-(b) show that all photon stucture functions tend to vanish as x → x max . This is the consequence of the kinematical constraint. For
The former diverges positively, and the latter negatively. But the sum remains finite: Fig.5 (a) below). The other structure functions vanish at x = 0.
It is interesting to see the clear difference in the PM predictions for the photon stucture functions between the massive quark case and massless one. We plot in From the symmetry argument on the absorptive part W µνρτ (p, q), we know that W ST and W T S switch into one another under interchange of p ↔ q, namely, W ST (w, q 2 , p 2 ) = W T S (w, p 2 , q 2 ). But this does not mean W ST = W T S . Indeed the PM results in the massive quark case in Fig.3 (a)-(b) show that W ST | P M and W T S | P M are different in magnitude and also have different x-dependences. However, we have found that in the limit m = 0, W ST | P M coincides with W T S | P M irrespective of the values of P 2 and Q 2 , which we believe is not a trivial result.
We plot the PM predictions of (a) (W TT +W a TT ) vs.
for the case P 2 /Q 2 = 1/30 and m 2 /Q 2 = 1/100 in Fig.5 , and for the case of massless quark, m = 0, with P 2 /Q 2 = 1/30 in Fig.6 . In both cases we can see that the three positivity constraints (2.13)-(2.15) are indeed satisfied for all allowed region of x. However, as we have already mentioned above, the behaviors of the sum (W TT + W a TT ) P M show a clear difference for massive or massless quark cases (see Fig.5 (a) and Fig.6 (a) ). For massive quark, the sum reaches 2 × ( α 2π δ γ ) as x → 0 and the positivity constraint (2.13) is satisfied for all allowed region of x with a wide margin. On the other hand, for massless quark, it vanishes as x → 0 and the difference between (W TT + W a TT ) P M and W τ TT P M reduces to zero. The fact that the sum (W TT + W a TT ) P M vanishes at x = 0 in the case of massless quark is explained as follows. The sum is related to a s-channel helicity amplitude of γ-γ scattering, W TT + W a TT = W (1, 1|1, 1). Now the limiting procedure x = Q 2 2p·q → 0 with the ratio P 2 Q 2 fixed is equivalent to taking P 2 → 0 and Q 2 → 0 with keeping 2p · q finite. So the situation at x = 0 is the same as if we were dealing with the two real photon scattering process, γ +γ → q+q. Since the chirality equals helicity for massless quark and the electromagnetic interaction preserves the chirality of quark, it is known that the amplitude for the two real photons with the same helicity annihilating into a massless quark pair identically vanishes [20] .
Perturbative QCD
Now we switch on the QCD coupling. The photon structure functions have been studied by pQCD for many years [2] . Especially, in the kinematical region,
where the mass squared of the target photon (P 2 ) is much bigger than the QCD scale parameter (Λ 2 ), some of the photon structure functions are predictable in pQCD entirely up to the NLO. This is due to the fact that, in this kinematical region, the hadronic components of the photon (in other words, the photon matrix elements of hadronic operators) can be calculated perturbatively. Indeed, the virtual photon structure functions, such as unpolarized F γ 2 (x, Q 2 , P 2 ) and F γ L (x, Q 2 , P 2 ) [21] and polarized g γ 1 (x, Q 2 , P 2 ) [6] , were studied up to the NLO in the above kinematical region. Here the virtual photon structure functions F γ 2 , F γ L , and g γ 1 are related to the ones introduced by BCG in (2.9) as follows 3 :
. Since the tensor W µνρτ (p, q) in (2.9) is regular as p 2 → 0, while the projectors P T S and P τ a T S are singular as p 2 → 0 and behave as 1/p 2 and 1/ √ −p 2 , respectively, we expect W T S ∝ P 2 Q 2 and W τ a T S ∝ P 2 Q 2 . Then, in the kinematical region (4.1), β ≈ 1, and we can neglect the contributions of W T S and W τ a T S as compared with W T T and W a T T , respectively. As a result we have
3 We follow Nisius [22] for the definition of F γ 1 , F γ 2 , and F γ L apart from F γ 1 being different from the one of Nisius by a factor of 2. For other definitions of F γ 1 , F γ 2 , and F γ L , see Refs. [7, 23] .
The positivity constraint (2.13) is now rewritten as
and it is interesting to see if this inequality is satisfied by the pQCD results. For F γ 2 (x, Q 2 , P 2 ) and F γ L (x, Q 2 , P 2 ), we can take the results from Ref. [21] and for g γ 1 (x, Q 2 , P 2 ) we use Ref. [6] . Actually the pQCD results for F γ 1 and g γ 1 are given in the form of Mellin moments, and we need to perform the inverse Mellin transformation in order to express them as functions of x. The formula for the n-th moment of F γ 1 up to the NLO is summarized in Appendix C. After the inverse Mellin transformation, 1 2 
is expressed in the form as
where Λ 2 is the QCD scale and α s (Q 2 ) is the QCD running coupling constant.
The virtual photon structure function W τ T T (x, Q 2 , P 2 )(= 2W γ 3 ) is expected to be given by the same expression as the PM result up to O(1/ ln(Q 2 /Λ 2 )), since there exist no twist-2 quark operators contributing to W τ T T . So we take in the leading order (LO) [24, 25] ,
where the first term is derived from W τ T T | P M given in (B.5), ignoring the power corrections of m 2 /Q 2 and P 2 /Q 2 . Now we plot, in Fig. 7 , the NLO pQCD result of 1 2 (F γ 1 + g γ 1 ) and the LO result of W τ T T as functions of x for the case P 2 /Q 2 = 1/30 with the number of active flavors, N f = 3. We find that the inequality (4.4) is satisfied for almost all the allowed region of x except near the x max = Q 2 Q 2 +P 2 (≈ 0.968 for P 2 /Q 2 = 1/30). The violation of the inequality near x max is explained as follows. We observe that the graph of 1 2 (F γ 1 + g γ 1 ) falls rapidly as x → x max . In the language of QCD improved parton model, this is due to the conservation of total momentum of all partons in the photon. In fact, the moments of both F γ 1 and g γ 1 in the LO behave as 1/(nln n) for large n and thus in x-space they vanish like −1/ln(1 − x) as x → 1. The NLO QCD corrections further suppress F γ 1 and g γ 1 at large x. On the other hand, the LO QCD prediction of W τ T T is the same as the massless quark PM result with the power corrections of P 2 /Q 2 also neglected. Thus W τ T T in Fig.7 increases monotonically as a function of x 2 and the violation of the inequality (4.4) occurred near x max .
However, the physical W τ T T should vanish as x → x max due to kinematical constraints. The momentum conservation of partons is not applicable here since quark partons in the photon do not contribute to W τ T T in the LO, in other words, there exist no twist-2 quark operators relevant to W τ T T [24] . This urges us the necessity of introducing the quark mass effects for the calculation of the photon coefficient function. (Remember that W τ T T | PM in the massive PM vanishes as x → x max .) Except for large and small x, we find that the pQCD prediction for 1 2 (F γ 1 + g γ 1 ) appears to be similar to the massless quark PM result for (W TT + W a TT ). In fact, for moderate x, 0.2 ≤ x ≤ 0.7, the graph 1 2 (F γ 1 + g γ 1 ) resembles closely the massless quark result (W TT + W a TT ) PM in Fig.6 (a) in shape and magnitude. As x → 0, we find that the sum 1 2 (F γ 1 + g γ 1 ) starts to increase.
Conclusion
To summarize we have investigated the three positivity constraints for the virtual photon structure functions which could be studied in future ep and e + e − colliders.
Especially the virtual photon structure can be measured from the double-tagged e + e − reactions and also from the dijet events in deep inelastic ep collisions.
By evaluating the quark box-diagrams, we obtained the eight virtual photon structure functions in PM both for a massive quark as well as for a massless one.
It has turned out that there exists a clear difference both in x-dependence and in magnitude between massive and massless quark PM predictions. We have found that the three constraints indeed hold for the PM computation of both massive and massless quark cases. In the kinematical region, Λ 2 ≪ P 2 ≪ Q 2 , the NLO QCD results for F γ 1 and g γ 1 and the LO result for W τ TT satisfy the constraint among these three structure functions for most of the allowed region of x except for the region very near x max .
We expect these bounds will provide uselful constraints for studying the yet unknown polarized and unpolarized virtual photon structures.
A Projectors for the virtual photon structure functions
The projectors P i 's are defined in Eq.(2.10). (P a T T ) µνρτ and (P τ a T S ) µνρτ are antisymmetric under the interchange of µ ↔ ν and ρ ↔ τ , while other projectors are symmetric. Since R µν , k 1 , and k 2 have the following properties,
we find
(P τ T S ) µνρτ (P τ T S ) µνρτ = 8 , (P τ a T S ) µνρτ (P τ a T S ) µνρτ = 8 .
B Virtual photon structure functions in parton model B.1 Parameters
where N f is the number of the active flavors and m is the quark mass.
B.2 Structure functions in PM
C The n-th moment of F γ 1 in pQCD
The pQCD prediction for the n-th moment of F γ 1 up to NLO is summarized as follows:
3 ) is the one-loop QCD β function and α s (Q 2 ) is the QCD running coupling constant. All the necessary information on the parameters in the above formula can be obtained from Ref. [21] : The eigenvalues of the one-loop anomalous dimensions, λ n i (i = +, −, NS), are given in Appendix A; the parametersP n i , A n i , B n i and C n γ , which are relevant to the structure function F γ 2 , are given in Appendix B; and finally the parametersP (L),n i and B n γ,L relevant to the longitudinal structure function F γ L are given in Appendix C. The n-th moment of g γ 1 up to NLO is expressed in a similar form as the above and given in Eq.(3.16) of Ref. [6] . 
